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The Problem

Minimize a sum of compositions: inner-level function
of each summand coupled with outer index.

Coupled 
Finite-Sum Coupled Compositional Optimization (FCCO)

Applications

1. Average precision maximization

F (w) = − 1
|S+|

∑
zi∈S+

∑
z∈S+ ℓ (hw(z) − hw (zi))∑
z∈S ℓ (hw(z) − hw (zi))

.

hw(z): model prediction; S+: positive data; S:
whole data; ℓ(·): monotonically decreasing upper
bound on the 0-1 loss (e.g. hinge loss).

fi(·) = −[·]1
[·]2, g(w; zi, S) =

∑z∈S+ ℓ(hw(z) − hw(zi))∑
z∈S ℓ(hw(z) − hw(zi))

.

2. Ranking by p-norm push

F (w) = ∑
zi∈S−

 ∑
zj∈S+

ℓ (hw (zj) − hw (zi))


p

.

p > 1: order; S−: negative data; others same as
AP maximization.

fi(·) = (·)p, g(w; zi, S+) = ∑
zj∈S+ ℓ (hw (zj) − hw (zi)).

3. Neighborhood component analysis

F (A) = − ∑
zi∈D

∑
z∈Ci

exp
(
− ∥Azi − Az∥2)

∑
z∈Si

exp
(
− ∥Azi − Az∥2).

A: embedding matrix; D: data set; Ci: nearest-
neighbour set of zi; Si: leave-one-out set of zi.

fi(·) = −[·]1
[·]2, g(A; zi, Si) =

∑z∈Ci
exp(−∥Azi − Az∥2)∑

z∈Si
exp(−∥Azi − Az∥2)

.

4. Listwise Ranking, e.g. ListNet

F (w) = − ∑
q

∑
xq

i ∈Sq

P (yq
i ) log exp (hw (xq

i ; q)∑
x∈Sq exp (hw(x; q))

.

hw(xq
i ; q): prediction score of item xq;

Q = {q1, . . . , qn}: queries; Sq =
{(xq

1 , yq
1 ), . . . , (xq

nq
, yq

nq
)}: item-relevance pairs.

fi(·) = log(·), D = {(q, xq
i ) | P (yq

i ) > 0},
g (w; xq

i , Sq) = ∑
x∈Sq exp (hw(x; q) − hw (xq

i ; q)).

Applications (cont’d)

5. Survival Analysis

F (w) = ∑
i:Ei=1

log
 ∑

j∈S(Ti)
exp (hw (zj) − hw (zi))

 .

zi: patient feature; hw(zi): predicted risk; Ei = 1:
observable event of interest (e.g., death); Ti: time
interval between data collection and event; S(t) =
{i : Ti ≥ t}: patients at risk of failure at time t.

fi(·) = − log(·), D = {zi | Ei = 1},

g(w; zi, S(Ti)) = ∑
j∈S(Ti) exp (hw (zj) − hw (zi)).

6. Latent Variable Model

F (w) = − ∑
(xi,yi)∈D

log ∑
s∈S

Pr (yi | s, xi) Pr (s | xi) .

s: discrete latent variable; S: support set of the
latent variable s.

fi(·) = − log(·), D = {(x1, y1) , . . . , (xn, yn)}.
g(w; (si, yi), S) = ∑

s∈S Pr (yi | s, xi) Pr (s | xi).

Why FCCO?

•Finite-sum optimization (FO) problem:

F (w) = 1
n

∑
zi∈D

ℓ(w; zi).

Algorithms for FO: SGD, SGDm, Adam. . .

Why not view applications 1.-6. as FO?

=⇒ Computing an unbiased stochastic estimator
of ∇F (w) is expensive when inner batch Si is large!

•Finite-sum compositional optimization (FCO):

F (w) =1
n

∑
zi∈D

fi(g(w; S)).

Algorithms for FCO: SCGD, NASA, ALSET. . .

We can reformulate an FCCO problem as FCO
problem by re-writing F (w) = 1

n

∑n
i=1 f̂i(g(w; S)),

where f̂i(·) = fi (Ii·), Ii = [0d×d, . . . , Id×d, . . . , 0d×d],
g(w; S) =

[
g (w; z1, S1)⊤ , . . . , g (w; zn, Sn)⊤]⊤

,
S = S1 ∪ · · · Si · · · ∪ Sn.

Why not view applications 1.-6. as FCO?

=⇒ FCO algorithms compute stochastic estimators
for all n components of g(w; S) (inefficient)!

Why FCCO? (cont’d)

•Conditional stochastic optimization (CSO):
Eξfξ

(
Eζ|ξ [gζ(w; ξ)]

)
.

Algorithms for CSO: BSGD, O(ϵ−2) batch size.
FCCO is a special case of CSO whose outer problem
has finite support).
Why not view applications 1.-6. as CSO?

=⇒ CSO algorithm has worse sample complexity
because the finite-sum structure is not used!

SOX Algorithm for FCCO

Sample minibatches Bt
1 ⊂ D, Bt

i,2 ⊂ Si

ut
i =


(1 − γ)ut−1

i + γg
(
wt; zi, Bt

i,2
)

, zi ∈ Bt
1

ut−1
i , zi /∈ Bt

1

vt = (1−β)vt−1

+ β
1

B1

∑
zi∈Bt

1

∇g
(
wt; zi, Bt

i,2
)

∇fi

(
ut−1

i

)

wt+1 = wt − ηtvt

Convergence Results

Iteration Complexity
•Strongly convex: O

(
nϵ−1

µ2B1B2

)
.

•Convex: O
(

nϵ−3

B1B2

)
.

•Convex and monotone: O
(

nϵ−2

B1

)
.

•Non-convex: O
(

nϵ−4

B1B2

)
.

Numerical Experiments

BSGD, SOAP, MOAP are some representative base-
lines. Total batch size B = B1 + B2.

• AP maximization
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Numerical Experiments (cont’d)
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• Neighborhood component analysis
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• Ranking by p-norm push

0 2000 4000 6000 8000
Iterations

6×10-1

7×10-1

8×10-1

Te
st

 L
os

s

covtype
B=16
B=32

B=64
B=128

0 2000 4000 6000 8000
Iterations

6×10-1

7×10-1

8×10-1

Te
st

 L
os

s

covtype
BSGD
SOAP

SOX
MOAP

BS-PnP: boosting-style baseline.
covtype

Algorithms BS-PnP BSGD SOX
Test Loss (↓) 0.778 0.625 ± 0.018 0.516 ± 0.003
Time (s) (↓) 6043.90 4.20 ± 0.08 4.62 ± 0.10

ijcnn1
Algorithms BS-PnP BSGD SOX
Test Loss (↓) 0.268 0.202 ± 0.001 0.128 ± 0.002
Time (s) (↓) 648.06 4.02 ± 0.04 4.15 ± 0.06
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